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Abstract

Given a measure equivalence coupling between two �nitely generated groups, Delabie,

Koivisto, Le Maître and Tessera have found explicit upper bounds on how integrable the

associated cocycles can be. These bounds are optimal in many cases but the integrability

of the cocycles with respect to these critical thresholds remained unclear. For instance,

a cocycle from Zk�ℓ to Zk can be Lp for all p   k
k�ℓ but not for p ¡ k

k�ℓ , and the case

p � k
k�ℓ was an open question which we answer by the negative. Our main result actually

yields much more examples where the integrability threshold given by Delabie-Koivisto-Le

Maître-Tessera Theorems cannot be reached.
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1 Introduction

Measure equivalence is an equivalence relation on countable groups introduced by Gromov as
a measured analogue of quasi-isometry. A �rst example of measure equivalent groups is given
by two lattices in the same locally compact group.

Another source of examples is provided by orbit equivalence. Two groups Γ and Λ are
orbit equivalent if there exist two free probability measure-preserving Γ- and Λ-actions αΓ and
αΛ on a standard probability space pX,µq, having the same orbits. This yields measurable
functions cΓ,Λ : Γ � X Ñ Λ and cΛ,Γ : Λ � X Ñ Γ describing the distortions on the orbits,
called the cocycles and de�ned almost everywhere by the equations

αΓpγqx � αΛpcΓ,Λpγ, xqqx and αΛpλqx � αΓpcΛ,Γpλ, xqqx.

More generally, the notion of measure equivalence also yields cocycles cΓ,Λ : Γ�XΛ Ñ Λ and
cΛ,Γ : Λ � XΓ Ñ Γ, where pXΓ, µXΓ

q and pXΛ, µXΛ
q are probability spaces arising from the

measure equivalence coupling between the groups (see Section 2).
When the two groups are �nitely generated, a stronger notion called L1 measure equivalence

can be de�ned. It requires that the measurable functions |cΓ,Λpγ, �q|SΛ
and |cΛ,Γpλ, �q|SΓ

are
integrable for every γ P Γ and λ P Λ, where |.|SΓ

and |.|SΛ
respectively denote the word-length

metrics with respect to some �nite generating sets SΓ and SΛ of the groups. This de�nition
does not depend on the choice of SΓ and SΛ and we simply say that cΓ,Λ and cΛ,Γ are integrable.
Many rigidity results have been uncovered in this context (see e.g. [BFS13] and [Aus16]). Most
of the time, these results tell us that L1 measure equivalence captures the geometry of the

1



groups, in contrast to Ornstein-Weiss Theorem [OW80] which states that all in�nite countable
amenable groups are measure equivalent.

To get �ner rigidity results among �nitely generated groups, Delabie, Koivisto, Le Maître
and Tessera [DKLMT22] introduced more general quantitative restrictions on the cocycles.
Given positive real numbers p and q, we say that two �nitely generated groups Γ and Λ
are pLp,Lqq measure equivalent (resp. pLp,Lqq orbit equivalent) if there exists a measure
equivalence (resp. an orbit equivalence) between them and the associated cocycles cΓ,Λ and
cΛ,Γ are respectively Lp and Lq, i.e. the real-valued measurable functions |cΓ,Λpγ, �q|SΛ

and
|cΛ,Γpλ, �q|SΓ

are respectively Lp and Lq for every γ P Γ and λ P Λ. We also replace Lp or Lq

by L0 when no requirement is made on the corresponding cocycle.
We can also de�ne pφ,ψq-integrability measure equivalence (resp. orbit equivalence) for

non-decreasing maps φ,ψ : R� Ñ R� (see De�nition 2.4). In particular, Lp means that we
consider the map x ÞÑ xp.

In the case of the groups Zd, for d ¥ 1, Delabie, Koivisto, Le Maître and Tessera prove that
there is no pLp,L0q measure equivalence coupling from Zk�ℓ to Zk for p ¡ k

k�ℓ ([DKLMT22,

Corollary 3.4]). On the other hand, they explicitly build a measure equivalence from Zk�ℓ to
Zk which is pLp,L0q for every p   k

k�ℓ ([DKLMT22, Theorem 1.9]).

The existence of a pL
k

k�ℓ ,L0q measure equivalence coupling from Zk�ℓ to Zk remained
unclear (see also [DKLMT22, Question 1.10]). Our contribution provides a negative answer
to this question (see Corollary 4.3), thus yielding the following complete description:

Theorem A (see Theorem 4.4). If k and ℓ are positive integers, then there exists a pLp,L0q
measure equivalence coupling from Zk�ℓ to Zk if and only if p   k

k�ℓ .

The absence of measure equivalence coupling from Zk�ℓ to Zk with the critical integrability

pL
k

k�ℓ ,L0q was the initial goal of the paper. As we will see later in this introduction, this is
actually a particular case of more general statements (see Theorems B and D).

Our result relies on the following key lemma (Lemma 3.2 in the easier case Γ � Zk�ℓ and
Λ � Zk): given a measure equivalence coupling from Zk�ℓ and Zk, if a cocycle is φ-integrable,
then it is ψ-integrable for another non-decreasing map ψ : R� Ñ R� such that ψpxq � Opφpxqq
does not hold as x goes to �8. If now we assume that the cocycle cZk,Zk�ℓ is φ-integrable

where φpxq � x
k

k�ℓ , we can combine this with a more precise version of [DKLMT22, Corollary
3.4]: by their Theorem 3.1, we must have ψpxq � Opφpxqq, a contradiction, thus proving our
result. It is interesting to note that while the statement does not mention φ-integrability, its
proof crucially uses it.

This key lemma is a natural adaptation of the following elementary, yet fundamental fact.

Fact. Let punqnPN be a sequence of non-negative real numbers which is summable. Then

there exists a sequence pvnqnPN of non-negative real numbers which is summable and such

that un � opvnq.

Proof of the fact. We can �nd an increasing sequence pNkqk¥1 of positive integers satisfying
N1 � 0 and

°�8
n¥Nk

un ¤
1
k3

for every k ¥ 2. Then for every integer n ¥ 0, we de�ne vn � kun
if Nk ¤ n   Nk�1. We have

�8̧

n�0

vn �
�8̧

k�1

Nk�1�1¸
n�Nk

kun ¤
�8̧

k�1

1

k2
  �8

and un � opvnq.
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Let us now present generalizations to other groups, using the isoperimetric pro�le (Theo-
rem B) and then the growth (Theorem D). First, recall that given non-decreasing real-valued
functions f and g de�ned on a neighborhood of �8, we say that f is asymptotically less than
g, denoted by f ¤ g, if there exists a constant C ¡ 0 such that fpxq � O pgpCxqq as xÑ �8.
We say that f is asymptotically equivalent to g, denoted by f � g, if f ¤ g and f ¥ g. The
asymptotic behavior of f is its equivalence class modulo �.

Given a �nitely generated group Γ, its isoperimetric pro�le is a real-valued function j1,Γ
de�ned on the set of positive integers and given modulo � by the formula

j1,Γpxq � sup
A�Γ,|A|¤x

|A|

|BA|
,

where BA� SΓA∆ A and SΓ is a �nite generating subset of Γ. It has been computed for many
groups, for instance j1,Zdpxq � x1{d [Cou00], j1,pZ{2Zq≀Zpxq � log x [Ers03], where pZ{2Zq ≀ Z is
a lamplighter group (the de�nition is recalled in Section 4.3). Note that it is an unbounded
function if and only if the group is amenable. It can thus be interpreted as a measurement
of amenability: the faster it goes to in�nity, the "more amenable" the group is. We refer the
reader to [DKLMT22] for more details on the isoperimetric pro�le and more generally the
ℓp-isoperimetric pro�le.

Now we state the theorem of Delabie, Koivisto, Le Maître and Tessera on the behaviour
of the isoperimetric pro�le under quantitative measure equivalence.

Theorem 1.1 ([DKLMT22, Theorem 1.1]). Let φ : R� Ñ R� be a function such that φ and

t ÞÑ t{φptq are non-decreasing, let Γ and Λ be �nitely generated groups. Assume that there

exists a pφ,L0q-integrable measure equivalence coupling from Γ to Λ. Then their isoperimetric

pro�les satisfy the following asymptotic inequality:

φ � j1,Λ ¤ j1,Γ.

If j1,Λ is injective, then φ � j1,Λ ¤ j1,Γ means that there exists a constant C ¡ 0 such that
the following holds as x goes to �8:

φpxq � Opj1,ΓpCj
�1
1,Λpxqqq, (1)

so Theorem 1.1 provides upper bounds x ÞÑ j1,ΓpCj
�1
1,Λpxqq for C ¡ 0. In order to generalize

our �rst contribution ("there is no pL
k

k�ℓ ,L0q measure equivalence coupling from Zk�ℓ from
Zk") to other groups, we must pay attention to a few obstacles which do not appear in the
case Γ � Zk�ℓ and Λ � Zk.

� The isoperimetric pro�le of a �nitely generated group Λ is not necessarily injective, so (1)
is not well-de�ned in full generality. But when studying this function, we only take into
account its asymptotic behaviour. Moreover, we will check that it su�ces to consider an
injective function hΛ with the same asymptotic behavior (the existence of such a map is
granted by Remark 1.2).

� Given two di�erent positive constants C and C 1, we do not know if the functions
j1,ΓpCj

�1
1,Λp.qq and j1,ΓpC

1j�1
1,Λp.qq have the same asymptotic behavior, so Theorem 1.1

does not provide a precise upper bound of φ a priori. This is the reason why we will
assume that the isoperimetric pro�le of Γ satis�es j1,ΓpCxq � Opj1,Γpxqq for every C ¡ 0.
For other technical reasons arising from the existence of a constant in the de�nition of
"φ-integrability" (see De�nition 2.4), we will also require this hypothesis on j1,Γ � j

�1
1,Λ.

These requirements motivate Assumptions (3) and (4) in Theorem B below.
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� In Lemma 3.2, where we build a new map ψ from the original one φ� j1,Γ �j
�1
1,Λ (for the

case Γ � Zk�ℓ and Λ � Zk, see the paragraph after the proof of the elementary fact),
we need φ to be sublinear1, hence Assumption (2) in Theorem B.

Hence, a �rst generalization is the following.

Theorem B. Let Γ and Λ be �nitely generated groups. Assume that there exist a non-

decreasing function hΓ and an increasing function hΛ satisfying hΓ � j1,Γ, hΛ � j1,Λ and

the following assumptions as xÑ �8:

hΓpxq � o phΛpxqq , (2)

@C ¡ 0, hΓpCxq � O phΓpxqq , (3)

@C ¡ 0, hΓ � h
�1
Λ pCxq � O

�
hΓ � h

�1
Λ pxq

�
. (4)

Then there is no phΓ � h
�1
Λ ,L0q-integrable measure equivalence coupling from Γ to Λ.

Remark 1.2. The isoperimetric pro�le of a �nitely generated group Γ is always asymptotically
equivalent to an increasing function hΓ. For instance, if j1,Γ satis�es

0   j1,Γpn� 1q   j1,Γpnq � . . . � j1,Γpn� k � 1q   j1,Γpn� kq

for some positive integers n and k, then we can set

hΓpn� iq�
k � i

k
j1,Γpnq �

i

k
min pj1,Γpn� kq, 2j1,Γpnqq

for every i P t0, . . . , k � 1u. We do not provide the details.
It is straightforward to check that the equivalence relation � preserves Assumption (3)

for a non necessarily injective function. Moreover satisfying Assumptions (2) and (3) is also
preserved under this equivalence relation, as well as satisfying Assumptions (2), (3) and (4)
when the inverse of one of the functions is well-de�ned.

Question 1.3. Does the isoperimetric pro�le of a �nitely generated group always satisfy
Assumption (3)? In the case j1,Γpxq � opj1,Λpxqq, does there always exist a pair phΓ, hΛq of
functions satisfying the assumptions of Theorem B?

The following corollary allows us to answer a question of Delabie, Koivisto, Le Maître and
Tessera (see [DKLMT22, Question 1.2]) by the negative for many of �nitely generated group Γ.

Corollary C (see Corollary 4.1). Let Γ be a �nitely generated group which is not virtually

cyclic. Assume that its isoperimetric pro�le j1,Γ satis�es

@C ¡ 0, j1,ΓpCxq � O pj1,Γpxqq as xÑ �8. (5)

Then there is no pj1,Γ,L
0q-integrable measure equivalence coupling from Γ to Z.

1This is necessary to assume that j1,Γ � j
�1
1,Λ is sublinear. Indeed, we cannot apply the same strategy in the

case Γ � Z and Λ � Z2, since Escalier and Joseph have built a measure equivalence coupling from Z to Z2

which is pL8,Lpq for every p   1
2
(not yet published work).
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Given an increasing function satisfying a mild regularity condition, Brieussel and Zheng [BZ21]
build a group whose isoperimetric pro�le is asymptotically equivalent to this function. It turns
out that this regularity condition implies our condition (5) (see Section 4.1). Moreover, if Γ is
such a group2, it follows from the work of Escalier [Esc24] that there exists an orbit equiva-
lence from Γ to Z which is almost pj1,Γ,L

0q-integrable, thus providing a complete description
similar to Theorem A (see Theorem 4.2).

Explicit constructions of orbit equivalences in [DKLMT22] show that the upper bound
given in Theorem 1.1 is sharp for other groups than Zd, such as lamplighter groups or iterated
wreath products. The existence of a measure equivalence coupling with this critical threshold
remained unclear and our Theorem B enables us to answer by the negative. We refer the
reader to Theorems 4.6, 4.8, 4.10 and 4.11 for precise statements.

Another rigidity result in [DKLMT22] deals with the notion of volume growth. Given a
�nitely generated group Γ and �nite generating set SΓ of Γ, we de�ne

VΓpnq�
�� γ1 . . . γn | γ1, . . . , γn P SΓ Y pSΓq

�1 Y teΓu
(��

for every positive integer n, where eΓ denotes the identity element of Γ. As for the isoperimetric
pro�le, we extend VΓ to a continuous and non-decreasing function. The volume growth of Γ is
the asymptotic behavior of VΓ, it does not depend on the choice of SΓ, nor does its extension
to R�. We say that Γ has polynomial growth of degree d if VΓpxq � xd. Finally, note that the
volume growth is increasing but the isoperimetric pro�le may fail to be injective.

Theorem 1.4 ([DKLMT22, Theorem 3.1]). Let φ be an increasing, subadditive function such

that φp0q � 0, let Γ and Λ be �nitely generated groups. Assume that there exists a pφ,L0q-
integrable measure equivalence coupling from Γ to Λ. Then

VΓ ¤ VΛ � φ
�1,

where φ�1 denotes the inverse function of φ.

With the same strategy as Theorem B, we get the following statement.

Theorem D. Let Γ and Λ be �nitely generated groups. Assume that there exist two increasing

functions hΓ and hΛ satisfying hΓ � VΓ, hΛ � VΛ and the following properties as xÑ �8:

h�1
Γ pxq � o

�
h�1
Λ pxq

�
, (6)

@C ¡ 0, h�1
Γ pCxq � O

�
h�1
Γ pxq

�
, (7)

@C ¡ 0, h�1
Γ � hΛpCxq � O

�
h�1
Γ � hΛpxq

�
. (8)

Then there is no ph�1
Γ � hΛ,L

0q-integrable measure equivalence coupling from Γ to Λ.

We will prove Theorems B and D in Section 3 and give the main applications in Section 4.

More general statements of Delabie, Koivisto, Le Maître and Tessera deal with asymmetric
weakenings of measure equivalence coupling: measure subgroup, quotient and sub-quotient
couplings. We can still apply our ideas to these generalizations.

Theorems B and D still hold in the context of quantitative orbit equivalence, since the
existence of a pφ,ψq-integrable orbit equivalence from Γ to Λ is equivalent to the existence of
a pφ,ψq-integrable measure equivalence coupling with equal fundamental domains.

2We call it a Brieussel-Zheng group, although their construction is more general.
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2 Quantitative measure equivalence

The groups Γ and Λ are always assumed to be �nitely generated. By a smooth action of a
countable group Γ, we mean a measure-preserving Γ-action on a standard measured space
pΩ, µq which admits a fundamental domain, namely a Borel subset XΓ of Ω that intersects
every Γ-orbit exactly once.

De�nition 2.1. Ameasure equivalence coupling between Γ and Λ is a quadruple pΩ, XΓ, XΛ, µq
where pΩ, µq is a standard Borel measure space equipped with commuting measure-preserving
smooth Γ- and Λ-actions such that

1. both the Γ- and Λ-actions are free;

2. XΓ (resp. XΛ) is a �xed fundamental domain for the Γ-action (resp. for the Λ-action);

3. XΓ and XΛ have �nite measures.

We will always use the notations γ � x and λ � x (with γ P Γ, λ P Λ, x P Ω) for these smooth
actions on Ω. The notations γ � x and λ � x refers to the induced actions that we now de�ne,
as well as the cocycles.

De�nition 2.2. A measure equivalence coupling pΩ, XΓ, XΛ, µq between Γ and Λ induces a
�nite measure-preserving Γ-action on pXΛ, µXΛ

q in the following way: for every γ P Γ and
every x P XΛ, γ � x P XΛ is de�ned by the identity

pΛ � γ � xq XXΛ � tγ � xu,

it is unique since XΛ is a fundamental domain for the smooth Λ-action.
This also yields a cocycle cΓ,Λ : Γ�XΛ Ñ Λ uniquely (by freeness) de�ned by

cΓ,Λpγ, xq � γ � x � γ � x,

or equivalently cΓ,Λpγ, xq � γ � x P XΛ, for almost every x P XΛ and every γ P Γ. We
similarly de�ne a �nite measure-preserving Λ-action on pXΓ, µXΓ

q and the associated cocycle
cΛ,Γ : Λ�XΓ Ñ Γ.

Remark 2.3. The cocycle cΓ,Λ : Γ�XΛ Ñ Λ satis�es the cocycle identity

@γ1, γ2 P Γ, @x P XΛ, cΓ,Λpγ1γ2, xq � cΓ,Λpγ1, γ2 � xqcΓ,Λpγ2, xq.

De�nition 2.4 (Delabie, Koivisto, Le Maître and Tessera [DKLMT22]). Let φ : R� Ñ R� be
a non-decreasing map. Given a measure equivalence coupling between Γ and Λ, we say that
the cocycle cΓ,Λ : Γ�XΛ Ñ Λ is φ-integrable if for every γ P Γ, there exists cγ ¡ 0 such that

»
XΛ

φ

�
|cΓ,Λpγ, xq|SΛ

cγ

�
dµXΛ

pxq   �8
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where SΛ is a �nite generating set of Λ and for every λ, |λ|SΛ
denotes its word-length metric

with respect to SΛ, de�ned by

|λ|SΛ
� mintn ¥ 0 | Dλ1, . . . , λn P SΛ Y pSΛq

�1 Y teΛu, λ � λ1 . . . λnu.

We de�ne φ-integrability for cΛ,Γ in a similar way.

Remark 2.5. De�ning φ-integrability for the cocycle cΓ,Λ with the use of constants cγ is
necessary because we need the following properties:

� this notion of φ-integrability does not depend on the choice of the �nite generating set
of Λ, since for any �nitely generated sets SΛ, S

1
Λ, there exists a constant C ¡ 0 such that

1

C
|λ|S1Λ

¤ |λ|SΛ
¤ C|λ|S1Λ

for every λ P Λ;

� if φ � ψ, then φ-integrability and ψ-integrability are equivalent notions;

� to prove that the cocycle cΓ,Λ : Γ � XΛ Ñ Λ is φ-integrable, it su�ces to check the
�niteness of »

XΛ

φ

�
|cΓ,Λpγ, xq|SΛ

cγ

�
dµXΛ

pxq

for every element γ in a �nite generating set of Γ. This follows from [DKLMT22,
Proposition 2.22].

De�nition 2.6 (Delabie, Koivisto, Le Maître and Tessera [DKLMT22]). A measure equiva-
lence coupling pΩ, XΓ, XΛ, µq between the groups Γ and Λ is a pφ,ψq-integrable measure

equivalence coupling from Γ to Λ if cΓ,Λ : Γ�XΛ Ñ Λ is φ-integrable and cΛ,Γ : Λ�XΓ Ñ Γ
is ψ-integrable.

For p ¡ 0, we write Lp instead of φ or ψ if we consider the map t ÞÑ tp, and we write L0

when no requirement is made on the cocycle. For example, the measure equivalence coupling
is pφ,Lp)-integrable if cΓ,Λ is φ-integrable and cΛ,Γ is in LppXΛ, µXΛ

q; it is pLp,L0)-integrable
if cΓ,Λ is LppX,µq. Finally, a measure equivalence coupling is φ-integrable if it is pφ,φq-
integrable.

Note that a pφ,ψq-integrable measure equivalence coupling from Γ to Λ is a pψ,φq-
integrable measure equivalence coupling from Λ to Γ.

3 Proof of the main results

We now prove Theorems B and D. The key result is Lemma 3.2, which uses Lemma 3.1.

Lemma 3.1. Let x P R and θ : rx,�8q Ñ R be a continuous sublinear function. If y is a real

number satisfying y   θptq for every t P rx,�8q, then the set

Epx, y, θq�

"
t ¡ x | @s P rx, ts, θpsq ¥

θptq � y

t� x
ps� xq � y

*

is not bounded above.
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Proof of Lemma 3.1. Let us consider the continuous maps a : t P px,�8q ÞÑ R and m : t P
px,�8q ÞÑ R de�ned by

aptq �
θptq � y

t� x
and mptq � min

sPpx,ts
apsq.

Note that the set Epx, y, θq is equal to tt ¡ x | mptq � aptqu. Let us also de�ne the set

E1 � tt P px,�8q | @s P px, tq, mpsq ¡ mptqu.

By the assumptions, the non-increasing map m satis�es the following properties:

� mptq ¡ 0 for every t P px,�8q;

� mptq ÝÑ
tÑ�8

0;

� if t is in E1, then we have mptq � aptq.

Therefore the set E1 is not bounded above and is included in Epx, y, θq.

Lemma 3.2. Let φ : R� Ñ R� be a continuous, sublinear and increasing function. Given

an integer ℓ ¥ 1 and a probability space pX,µq, let f1, . . . , fℓ : X Ñ N be measurable maps

satisfying »
X
φpfipxqqdµpxq   �8

for every i P t1, . . . , ℓu. Then there exists a subadditive map ψ : R� Ñ R� such that ψp0q � 0,
ψ and t ÞÑ t{ψptq are non-decreasing, and

1. φpxkq � opψpxkqq for some increasing sequence pxkqk¥0 of non-negative real numbers

tending to �8;

2. for every i P t1, . . . , ℓu, »
X
ψpfipxqqdµpxq   �8.

Proof of Lemma 3.2. For every n ¥ 0 and every i P t1, . . . , ℓu, let us de�ne the non-negative

real number u
piq
n � φpnqµptfi � nuq. For every i P t1, . . . , ℓu, the sequence pu

piq
n qn¥0 is

summable since

�8̧

n�0

upiqn �
�8̧

n�0

φpnqµptfi � nuq �

»
X
φpfipxqqdµpxq   8.

Let pNkqk¥1 be an increasing sequence of positive integers satisfying N1 � 0 and

@k ¥ 2, @i P t1, . . . , ℓu,
�8̧

n�Nk

upiqn ¤
1

k3
.

Then for every integer n ¥ 1, we de�ne Kn � k if Nk ¤ n   Nk�1. The sequence pKnqn¥1

tends to �8 and the sequences pKnu
piq
n qn¥1 are summable (see the proof of the fact in the

introduction).
We inductively build an increasing sequence pxkqk¥0 of integers satisfying x0 � 0 and

xk ¥ Nk�1 for every k ¥ 1, a decreasing sequence pakqk¥0 of positive real numbers, a sequence
pbkqk¥0 of non-negative real numbers satisfying b0 � 0, and a continuous piecewise linear map
ψ : R� Ñ R� satisfying the following properties:
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� for every k ¥ 0, for every t P rxk, xk�1s, ψptq � bk � akt and ψptq ¤ pk � 1qφptq;

� for every k ¥ 0, ψpxkq � kφpxkq.

Let us set x0 � 0, x1 � N2, a0 � φpN2q{N2, b0 � 0 and for every t P r0, N2s,

ψptq�
φpN2q

N2
t.

Given an integer k ¥ 2, assume that we have already de�ned 0 � x0   x1   . . .   xk�1,
a0 ¡ . . . ¡ ak�2, b0, . . . , bk�2 and the map ψ on r0, xk�1s. By the assumptions on φ and since

ψpxk�1q � pk � 1qφpxk�1q   kφpxk�1q,

we can apply Lemma 3.1 to x � xk�1, y � ψpxk�1q, θ � k � φ. We choose xk P
Epxk�1, ψpxk�1q, k � φq su�ciently large so that

� xk ¥ Nk�1;

� ak�1 �
kφpxkq � ψpxk�1q

xk � xk�1
is less than ak�2,

the last condition being possible since φ is sublinear. Let us de�ne

bk�1 � ψpxk�1q �
kφpxkq � ψpxk�1q

xk � xk�1
xk�1.

We then extend ψ on rxk�1, xks by setting

ψptq� bk�1 � ak�1t �
kφpxkq � ψpxk�1q

xk � xk�1
pt� xk�1q � ψpxk�1q,

so that ψ satis�es ψpxkq � kφpxkq and ψptq ¤ kφptq for every t P rxk�1, xks (by de�nition of
the set Epxk�1, ψpxk�1q, k � φq). The real number bk�1 is necessarily non-negative since we
have bk�2 � ak�2xk�1 � bk�1 � ak�1xk�1 with ak�1   ak�2 and bk�2 ¥ 0.

Let us prove that ψ satis�es the desired conditions. The map ψ is increasing since the
real numbers ai are positive. It is easy to prove that φpxkq � opψpxkqq. Since the map
t P p0,�8q ÞÑ t

at�b is non-decreasing if a ¡ 0 and b ¥ 0, we get that the map t ÞÑ t{ψptq
is non-decreasing. We build ψ as a concave and increasing map satisfying ψp0q � 0, so ψ is
subadditive. Finally, given an integer i P t1, . . . , ℓu, we have

�8̧

n�x1

ψpnqµptfi � nuq �
�8̧

k�1

xk�1�1¸
n�xk

ψpnqµptfi � nuq

¤
�8̧

k�1

xk�1�1¸
n�xk

pk � 1qφpnqµptfi � nuq

¤
�8̧

k�1

xk�1�1¸
n�xk

Knφpnqµptfi � nuq

�
�8̧

n�1

Knu
piq
n   8,
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where the second inequality follows from the inequalities k � 1 ¤ Kn for every integers n and
k satisfying n ¥ xk (since we have xk ¥ Nk�1). The equality»

X
ψpfipxqqdµpxq �

x1�1¸
n�0

ψpnqµptfi � nuq �
�8̧

n�x1

ψpnqµptfi � nuq

implies that the integral is �nite.

Proof of Theorem B. Suppose that there exist a non-decreasing function hΓ and an increasing
function hΛ satisfying hΓ � j1,Γ, hΛ � j1,Λ and the following assumptions as xÑ �8:

hΓpxq � o phΛpxqq , (9)

@C ¡ 0, hΓpCxq � O phΓpxqq , (10)

@C ¡ 0, hΓ � h
�1
Λ pCxq � O

�
hΓ � h

�1
Λ pxq

�
. (11)

Let us assume by contradiction that there exists a phΓ�h
�1
Λ ,L0q-integrable measure equivalence

coupling pΩ, XΓ, XΛ, µq from Γ to Λ. Let us �x �nite generating sets SΓ of Γ and SΛ of Λ.
We write SΓ � tγ1, . . . , γℓu. For every i P t1, . . . , ℓu, there is a constant cγi ¡ 0 such that»

XΛ

hΓ � h
�1
Λ

�
|cΓ,Λpγi, xq|SΛ

cγi

�
dµXΛ

pxq   �8.

Using Assumption (11) for C � cγi , we may and do assume that cγi � 1 for every i P
t1, . . . , ℓu. We now apply Lemma 3.2 to φ � hΓ � h

�1
Λ (φ is sublinear by Assumption (9)),

pX,µq � pXΛ, µXΛ
q and fi : x ÞÑ |cΓ,Λpγi, xq|SΛ

. We thus get that pΩ, XΓ, XΛ, µq is a pψ,L
0q-

integrable measure equivalence coupling from Γ to Λ, for some map ψ : R� Ñ R� satisfying
the following properties:

(A) hΓ�h
�1
Λ pxkq � opψpxkqq for some sequence pxkqk¥0 of non-negative real numbers tending

to �8;

(B) ψ and t ÞÑ t
ψptq are non-decreasing;

(C) ψ is subadditive;

If we have
hΓ ¥ ψ � hΛ, (12)

namely ψpxq � O
�
hΓpCh

�1
Λ pxqq

�
for some constant C ¡ 0, then we get a contradiction with

Assumption (10) and Property (A). Now it remains to prove Inequality (12).
First, Property (B) and Theorem 1.1 imply that

j1,Γ ¥ ψ � j1,Λ,

which means that there exist constants C,D ¡ 0 such that ψpj1,Λpxqq ¤ Dj1,ΓpCxq for every
x ¥ 0. Secondly there also exist constants C1, C2, D1, D2 ¡ 0 such that hΛpxq ¤ D1j1,ΛpC1xq
and j1,Γpxq ¤ D2hΓpC2xq for every x ¥ 0. Moreover, by Property (C) and the monotonicity
of ψ, we have ψpcxq ¤ rcsψpxq for every c ¡ 0. Finally, this gives

ψphΛpxqq ¤ ψpD1j1,ΛpC1xqq
¤ rD1sψpj1,ΛpC1xqq
¤ rD1sDj1,ΓpCC1xq
¤ rD1sDD2hΓpCC1C2xq

and we get Inequality (12).
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Proof of Theorem D. This is the same proof as Theorem B, except that we get a contradiction
with Theorem 1.4, using the fact that Lemma 3.2 yields a map ψ which can be increasing and
subadditive and satisfy ψp0q � 0. Moreover we similarly prove that VΓ ¥ VΛ � ψ

�1 implies
hΓ ¥ hΛ � ψ

�1.

4 Applications

4.1 Coupling from a �nitely generated group to Z

Corollary 4.1. Let Γ be a �nitely generated group which is not virtually cyclic. Assume that

its isoperimetric pro�le j1,Γ satis�es

@C ¡ 0, j1,ΓpCxq � O pj1,Γpxqq as xÑ �8. (13)

Then there is no pj1,Γ,L
0q-integrable measure equivalence coupling from Γ to Z.

Proof of Corollary 4.1. A group Γ is not virtually cyclic if and only if j1,Γpxq � opxq. This
is a consequence of the Coulhon Salo�-Coste isoperimetric inequality [CS93, Theorem 1] and
the fact that the volume growth of such a group is at least quadratic if it is not virtually
cyclic (see e.g. [Man11, Corollary 3.5]). We then apply Theorem B and Remark 1.2 to get
Corollary 4.1.

In [BZ21, Theorem 1.1] Brieussel and Zheng prove that for any non-decreasing function
f : R� Ñ R� such that x ÞÑ x{fpxq is non-decreasing, there exists a group Γ such that
j1,Γ �

log
f�log , we call it a Brieussel-Zheng group (although their construction is more general).

De�ning the map F � log
f�log , the monotonicity of f (resp. of x ÞÑ x{fpxq) implies that

F { log is non-increasing (resp. F is non-decreasing) and the converse is true. Therefore,
any non-decreasing function F : r1,8q Ñ r1,8q such that F { log is non-increasing is the
isoperimetric pro�le of a group. This equivalent statement was already noticed in [DKLMT22,
Theorem 4.26].

From this we deduce that the isoperimetric pro�les provided by Brieussel and Zheng satisfy
Assumption (13). Indeed, let F be a non-decreasing function such that F { log is non-increasing,
and let C be a positive constant. If C   1, then the monotonicity of F directly implies the
inequality F pCtq ¤ F ptq. If C ¥ 1, we get

F pCxq

log pCxq
¤

F pxq

log pxq

by monotonicity of F { log, so we have F pCxq ¤ F pxq log pCxqlog pxq , where the right-hand side is less

than 2F pxq when x is large enough.
As mentionned in the introduction, Escalier [Esc24, Theorem 1.7] proves that for every3

Brieussel-Zheng group Γ mentionned above, there exists an orbit equivalence coupling from Γ

to Z which is pφε,L
0q-integrable for all ε ¡ 0, where φεpxq �

j1,Γpxq
plog j1,Γpxqq1�ε . Hence, we deduce

the following.

Theorem 4.2. Let Γ be a Brieussel-Zheng group and p ¡ 0. Then there exists a ppj1,Γq
p,L0q-

integrable measure equivalence from Γ to Z if and only if p   1.
3Actually, the statement of Theorem 1.7 in [Esc24] is the following : given a non-decreasing function F such

that F { log is non-decreasing, there exists a group Γ such that j1,Γ � F and there exists an orbit equivalence
coupling from Γ to Z which is pφε, exp �F �expq for every ε ¡ 0, where φεpxq � F pxq{plogF pxqq1�ε. The group
Γ is in fact a Brieussel-Zheng group and the proof of the theorem shows that the existence of such an orbit
equivalence holds for every such groups.
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4.2 Coupling between groups of polynomial growth

Corollary 4.3. Assume that Γ and Λ have polynomial growth of degree b and a respectively,

with b ¡ a. Then there is no pLa{b,L0q measure equivalence coupling from Γ to Λ.

Proof of Corollary 4.3. The isoperimetric pro�les satisfy j1,Γpxq � x1{b and j1,Λpxq � x1{a

(see [CS93, Theorem 1]), so the corollary follows from Theorem B.

As mentionned in the introduction, Delabie, Koivisto, Le Maître and Tessera [DKLMT22]
explicitly build an orbit equivalence in the special case of the groups Zd for d ¥ 1, and then
show that there exists a measure equivalence coupling from Zb to Za (with b ¡ a) which is
pLp,L0q-integrable for every p   a{b. But the existence of a pLa{b,L0q-integrable coupling
remained unclear. Our Corollary 4.3 then gives the following complete description.

Theorem 4.4. Given positive integers b ¡ a, there exists a pLp,L0q measure equivalence

coupling from Zb to Za if and only if p   a{b.

4.3 Lamplighter groups

Let G and F be two countable groups and
À

gPG F be the subgroup of FG consisting of all

functions with �nite support4. We de�ne the action of G on
À

gPG F as follows. For every
g P G and every f P

À
gPG F , the function g � f P

À
gPG F is de�ned by:

@g1 P G, pg � fqpg1q � fpg�1g1q.

Then the wreath product F ≀G is the semi-direct product

F ≀G�

�à
gPG

F

�
�G.

When F is a non-trivial �nite group, F ≀G is also called a lamplighter group.

Corollary 4.5. Assume that G and H have polynomial growth of degree b and a respectively,

with b ¡ a, and let F and K be non-trivial �nite groups. Then there is no pLa{b,L0q measure

equivalence coupling from F ≀G to K ≀H.

Proof of Corollary 4.5. The isoperimetric pro�les satisfy j1,F ≀Gpxq � plog xq1{b and j1,K≀Hpxq �
plog xq1{a (see [Ers03, Theorem 1]), so the corollary follows from Theorem B.

In the case F � K, G � Zb and H � Za, using the notion of wreath product for measure-
preserving equivalence relations, Corollary 7.4 in [DKLMT22] implies that there exists a
pLp,L0q measure equivalence coupling from F ≀ Zb to F ≀ Za for every p   a{b. Combined
with Corollary 4.5, this yields the following theorem.

Theorem 4.6. Given positive integers b ¡ a, there exists a pLp,L0q measure equivalence

coupling from F ≀ Zb to F ≀ Za if and only if p   a{b.

Corollary 4.7. Assume that G and Λ have polynomial growth of degree b and a respectively,

with b ¡ a, and let F be a non-trivial �nite group. Then there is no plog1{b,L0q-integrable
measure equivalence coupling from F ≀G to Λ.

4The support of a function f : G Ñ F is the set tg P G | fpgq �� eF u where eF is the identity element of F .

12



Proof of Corollary 4.7. The isoperimetric pro�les satisfy j1,F ≀Gpxq � plog xq1{b and j1,Λpxq �
x1{a (see [Ers03, Theorem 1] and [CS93, Theorem 1]), so we are done by Theorem B.

In the case G � Z and Λ � Z, it is shown in [DKLMT22, Proposition 6.20] that there
exists a plogp,L0q-integrable measure equivalence coupling from F ≀ Z to Z for every p   1
(this statement deals with F � Z{mZ but remains true for any �nite group), and Corollary 4.7
completes this result.

Theorem 4.8. Given a �nite group F , there exists a plogp,L0q-integrable measure equivalence

coupling from F ≀ Z to Z if and only if p   1.

4.4 Iterated wreath products

Given an integer k ¥ 1 and a �nite group F , we de�ne groups Hnpkq inductively as follows:
H0pkq � Zk and Hn�1pkq � F ≀Hnpkq. Given a positive integer n, the map log�n denotes the
composition log � . . . � log (n times).

Corollary 4.9. � If b ¡ a, then there is no pLa{b,L0q measure equivalence coupling from

Hnpbq to Hnpaq.

� Given integers d, k ¥ 1, there is no pplog�nq1{k,L0q-integrable measure equivalence cou-

pling from Hnpkq to Zd.

Proof of Corollary 4.9. The isoperimetric pro�les satisfy j1,Hnpkqpxq � plog�n xq1{k (see [Ers03,

Theorem 1]), and j1,Zdpxq � x1{d. Then the corollary follows from Theorem B.

Using the notion of wreath products of measure-preserving equivalence relations, it is
proven in [DKLMT22, Corollary 7.5] that there exists a pLp,L0q measure equivalence coupling
from Hnpbq to Hnpaq for every p   a{b. Moreover the composition of couplings yields a
pplog�nqp,L0q measure equivalence coupling from Hnp1q to Z for every p   1 (see [DKLMT22,
Corollary 7.6]). Our results allow us to complete these observations.

Theorem 4.10. Given positive integers b ¡ a, there exists a pLp,L0q measure equivalence

coupling from Hnpbq to Hnpaq if and only if p   a{b.

Theorem 4.11. Given integers d, k ¥ 1, there exists a pplog�nqp,L0q-integrable measure equiv-

alence coupling from Hnp1q to Z if and only if p   1.

Remark 4.12. All the measure equivalence couplings provided in [Esc24] and [DKLMT22] and
that we have mentioned in Section 4 actually come from a construction of orbit equivalences be-
tween the groups, with the same integrability for the cocycles. Then Theorems 4.4, 4.6, 4.8, 4.10
and 4.11 remain valid in the context of quantitative orbit equivalence.
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